Abstract. We investigate the possibility of exactly flat non-trivial Chern bands in tight binding models with local (strictly short-ranged) hopping parameters. We demonstrate that while any two of three criteria can be simultaneously realized (exactly flat band, non-zero Chern number, local hopping), it is not possible to simultaneously satisfy all three. Our theorem covers both the case of a single flat band, for which we give a rather elementary proof, as well as the case of multiple degenerate flat bands. In the latter case, our result is obtained as an application of K-theory. We also introduce a class of models on the Lieb lattice with nearest and next-nearest neighbor hopping parameters, which have an isolated exactly flat band of zero Chern number but, in general, non-zero Berry curvature.
Introduction
The possibility of fractional Chern insulators has been very actively explored recently in models with energetically flat bands of non-zero Chern number, and in some cases with consideration of a specific particle-particle interaction [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . The non-trivial Chern number makes these models attractive due to the presence of a quantized Hall effect [18, 19] and gapless chiral edge modes. The flatness of the band further increases the resemblance between the physics of interacting electrons occupying such bands and those occupying a Landau level in the fractional quantum Hall regime. More generally speaking, the flatness of a partially occupied band renders the effect of any interactions non-perturbative, and increases the likelihood of the emergence of interesting correlation effects. In practice, flatness is always achieved either approximately by tuning hopping parameters in a simple tight binding model [1-3, 8, 14, 15] , or by brute force projection onto a given non-trivial Chern band. As we will review below, the latter case corresponds to passing to hopping parameters that decay exponentially with distance [3, 20] (but are not strictly local).
The most desirable playground for the physics of a fractional Chern insulator might thus be given by a model featuring an exactly flat non-trivial Chern band arising from a simple, local-hopping tight binding model. By "local", we mean that the range of hopping has an upper bound. Such locality is attractive both from the point of view of greatest possible simplicity, and also because it may benefit convergence to the thermodynamic limit in numerical simulations. Indeed, any combination of two of the three criteria of zero bandwidth, non-trivial Chern number, and local hopping, can be simultaneously satisfied, as we will review below. This might raise the hope that it is possible to have all three of them satisfied at once. Previous work has given a qualitative discussion of flat Chern bands in models with exponentially decaying hopping, and pointed out that whether truly local hopping terms may achieve the same is an open question [20] . Other work has conjectured that this may not be possible [21] . Here we present a rigorous proof that the answer to this question is indeed negative. To be precise, we prove the following Theorem: If a tight binding model on a periodic two-dimensional lattice with strictly local hopping matrix elements has a group of d degenerate flat bands, then the Chern number associated to this group of bands is zero.
By "periodic", we mean that there exist two commuting ordinary lattice translations T 1 and T 2 generating a two-dimensional lattice group of symmetry operations that leave the Hamiltonian invariant. We note that while tight binding models describing a periodic magnetic flux through plaquettes of the lattice are in general not of this form, they can be brought into this form by a gauge transformation if there exists a "magnetic unit cell" through which the net flux is integer. To such models our theorem will also apply. Examples are given, e.g., in Ref. [22] . There, moreover, "topological flat bands" have been constructed in magnetic systems that do, however, require specific periodic boundary conditions rendering the system a cylinder or tube with one finite direction, and would not be flat in the two-dimensional thermodynamic limit. It is always with the two-dimensional thermodynamic limit in mind that we will use the term "flat" here. Topological bands that are flat in the latter sense are known to be possible in magnetic lattice systems with non-local but superexponentially decaying hopping matrix elements [23, 24] . We further remark that a wealth of three dimensional tight binding models is known that are energetically flat only along certain lower dimensional cuts [25] . When a local tight binding model is flat within a two-dimensional cut through the Brillouin zone, obvious generalizations of our theorem will apply.
The remainder of this paper is organized as follows. In Sec. 2 we derive key analytic properties of the projection operator onto flat bands arising in local tight binding models. In Sec. 3 we discuss some examples of interest, which demonstrate the analytic features derived in Sec. 2 and help to motivate and anticipate our main result. In Sec. 4 we give a rather elementary proof of our theorem for the special case of d = 1, i.e., non-degenerate flat bands. In Sec. 5 we generalize our result to multiply degenerate flat bands by making use of K-theory. We conclude in Sec. 6.
Preliminaries
We consider two-dimensional periodic tight binding models with N orbitals per unit cell. The creation operator of a Bloch state in the nth band can be written as
where c † R,i creates a particle in the orbital labeled i associated with the unit cell labeled by the lattice vector R. The coefficients u i n (k) are obtained as the eigenvectors of a Hermitian matrix H ij (k), and the corresponding eigenvalues E n (k) define the dispersions of the N bands of the model. The matrix elements H ij (k) are continuous functions on the torus T 2 with which we identify the Brillouin zone, defined by the k-plane modulo the reciprocal lattice. Indeed, if the model is defined by hopping amplitudes t ij (R 1 − R 2 ) describing the hopping from the orbital (R 2 , j) to the orbital (R 1 , i), the matrix H ij (k) is just obtained as the Fourier transform
These matrix elements will therefore have nice analytic properties whose details depend on the model's hopping parameters and are evident from Eq. (2). Specifically, if the hopping parameters have a finite range, the H ij (k) may be expressed in (positive and negative) powers of x ≡ e ik·R1 and y ≡ e ik·R2 , with exponents limited by the hopping range. Here R 1 and R 2 are lattice vectors spanning the Bravais lattice underlying the two-dimensional crystal. The matrix elements H ij (k) are thus given by Laurent polynomials H ij (x, y), which evaluated on the torus
). We will distinguish between these functions from T 2 to C, and the underlying Laurent polynomials H ij (x, y), which we will also denote simply by H ij when no confusion may arise. The same conventions will be adopted for general Laurent polynomials P ≡ P (x, y) and associated functions P (k) ≡ P (e ik·R1 , e ik·R2 ). It will be useful to note, however, that if the functions P (k) and Q(k) derived from Laurent polynomials P and Q agree on T 2 , then P and Q are already identical as Laurent polynomials. This follows since P is by definition of the form
and all the coefficients a mn can be determined by knowledge of P (k) on T 2 , and are given by Fourier integrals.
We will now assume that H ij (k) describes a model with d isolated flat bands, whose energy may be taken to be zero. That is, we have E n (k) ≡ 0 for n = 1 . . . d, while E n (k) = 0 for all k for n = d + 1 . . . N . Since the torus is compact, we thus have |E n (k)| ≥ E g for all k and n > d, where E g > 0 is the gap separating the flat bands from the remaining ones. We will now describe the projection P ij (k) onto the zero energy (flat band) subspace at k, and find that it is essentially also of Laurent polynomial form, up to an overall normalization function. To this end, we write
Here, P (k) is the orthogonal projection onto the d-dimensional zero energy subspace, the sum goes over all non-zero eigenvalues of H(k), and P E (k) is the orthogonal projection onto the eigenspace corresponding to the eigenvalue E = 0. For 0 < < E g , H (k) is invertible, and it is seen from Eq. (4) that
where for the second equality, we have written the inverse of H (k) in terms of its inverse determinant and the adjugate matrix of H (k). By Eq. (4), this limit is welldefined, and so is
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f (k) is clearly a continuous and nowhere vanishing function from the torus T 2 (the Brillouin zone) to R. Because of the existence of the limit (6), we may rewrite Eq. (5) as
where together with the limits in Eqs. (5), (6), the limit in this last equation must also be well-defined, since f (k) = 0. We have denoted this matrix-valued limit by h(k).
We will now show that the functions f (k) and h ij (k) are also of Laurent-polynomial form, just as the original matrix elements H ij (k). We denote the ring of LaurentPolynomials in m variables by
] upon substitution of x = e ik·R1 and y = e ik·R2 , since the matrix elements of H (k) have this property. Moreover, since the limit in Eq. (6) is finite everywhere on T 2 , no negative powers of can appear in f . (Indeed, the coefficient of −n would be an element of C[x ±1 , y ±1 ], which, in order to vanish on the entire torus T 2 , must be the zero polynomial, as we remarked above.) Thus f 0 is well-defined and in C[x ±1 , y ±1 ], and by Eq. (6), f (k) = f 0 (k). We will also write f instead of f 0 from now on. From Eq. (7), we can apply the same reasoning to the matrix elements of
. This leads to the conclusion that the matrix elements of h(k) are likewise given by Laurent-polynomials
] evaluated at x = e ik·R1 and y = e ik·R2 . In sections 4 and 5, we will prove that projection operators of the form (7), with h ij (k), f (k) both given by Laurent-polynomials, describe complex vector bundles over the torus with zero Chern number. In the following section, we will first give some examples of the projection operators P (k) for some models of interest in the present context.
Examples of models with non-degenerate exactly flat bands
Before we proceed to investigate the Chern number of flat bands arising in finite range hopping models, we give some examples for the detailed structure of the projection operator P (k) arising in models belonging to this and other related classes. As we asserted in the introduction, for an energy band in a tight binding model, any two of the following three desirable properties may simultaneously hold: non-zero Chern number, flat dispersion, and the fact that the underlying model is local. Historically, the most important demonstration of such properties was given by the Haldanemodel [19] , a two-band model defined on a honeycomb lattice with only nearest and next-nearest neighbor hoppings, which has non-trivial Chern bands. From here, one easily obtains a new, non-local hopping model on the same lattice, featuring the exact same Bloch-type eigenstates defining two non-trivial Chern bands, but each having a flat dispersion. For this one need only consider the projection operator onto one of the two bands, again denoted by P (k). We consider a Haldane model with hopping parameters t 1 and it 2 (hence flux φ = π/2), and on-site parameter M = 0. From an explicit solution for the eigenstates at k, one immediately obtains
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and, following Haldane [19] , we chose primitive lattice vectors R 1 and R 2 at 120
• , angle, and also let R 3 = −R 1 − R 2 . We may now interpret the above matrixvalued function as the Hamiltonian at k of a different, non-local hopping model, writing H(k) = P (k). This model then has two flat Chern-bands at energies 0 and 1, respectively. Furthermore, the analytic structure of the matrix elements in Eq. (8) clearly features branch cuts as a function of x = e ik·R1 and y = e ik·R2 when analytically continued to values with |x|, |y| = 1. This implies that Eq. (8) is not of the form (7), since such branch cuts do not arise in rational functions of Laurentpolynomials. Thus, the real-space Hamiltonian associated with H(k) = P (k) is not strictly finite ranged. Rather, it is exponentially decaying. This Hamiltonian belongs to a class studied in Ref. [21] , where lower bounds have been derived on moments of the distribution of hopping parameters.
The fact that the hopping range of H(k) = P (k) decays exponentially may be seen as follows. As an operator acting on the full Hilbert space, the projector onto the upper energy band can be written aŝ
Here, the operator c † α (k) creates a Bloch-state in the lower (upper) band of the Haldane model for α = 0 (1), |Ω is the ground state of the Haldane model at half filling, and the integrals are over the Brillouin zone. The structure of Eq. (9) is clearly basisinvariant. Hence, when we re-express the operators c † α (k) through operators creating a particle in the orbital labeled i at the unit cell labeled R, c † R,i , we get
Now, the hopping matrix element Ω|c R,i c † R ,j |Ω is an equal time correlation function in a gapped ground state of a local Hamiltonian. It must therefore decay exponentially with |R − R | [26] . More directly, we may study this exponential decay as follows. The coefficients Ω|c R,i c † R ,j |Ω are proportional to the Fourier integral d 2 k P ij (k)e ik·(R−R ) , according to (2) . If viewed as analytic functions in the variables v = k · R 1 , w = k · R 2 , suppose that the matrix elements P ij are holomorphic in v and w within the domain {(v, w) ∈ C 2 : |Im v| < ∆ 1 , |Im w| < ∆ 2 }. The largest possible values for ∆ 1 and ∆ 2 are determined from the zeros in the quantity in Eq. (8) . Specifically, simple estimates show that
))] satisfy the above requirement, though certainly, these are not optimal choices. Here, ε g = min(3 √ 3t 2 , t 1 ) equals the minimum of the dispersion (8d) for real k. It then follows immediately from elementary considerations that for any choice of ∆ 1 < ∆ 1 and ∆ 2 < ∆ 2 , there is a constant C > 0 such that Figure 1 . A three-band model on the Lieb lattice with three atoms per unit cell. This tight binding model has real nearest neighbor hopping parameter t, and complex next-nearest neighbor hopping parameters t and t connecting the sites B and C in the directions specified by dashed lines. The model is invariant under a combined particle-hole transformation and inversion with respect to, e.g., plaquette centers. This guarantees a zero energy flat band. The latter is separated from the top and bottom band by an energy gap as long as the two diagonal hopping amplitudes have different imaginary parts.
where R − R = mR 1 + nR 2 . We note that the bound in Eq. (11) does not have all the symmetries of the honeycomb lattice, due to the preference given to primitive lattice vectors R 1 , R 2 , and can be improved already by symmetrization.
We finally discuss a model with a flat band emerging from local hopping matrix elements. A trivial example can be obtained by adding an additional orbital to every unit cell in any given tight-binding model, and leaving these additional orbitals decoupled. This trivially introduces a flat band corresponding to an "atomic limit", i.e., with completely localized Wannier states that are zero energy eigenstates. However, we prefer to give a less trivial example, where the emerging flat band does not have Wannier states of compact support and has a Berry curvature which does not vanish identically.
To this end, we consider a three-band model defined on the Lieb lattice, Fig. 1 . The model has real nearest neighbor hopping amplitude t, and two complex nextnearest neighbor hoppings t and t as shown in the figure. The Hamiltonian at k for this model is given by the matrix 
where k x = k · R 1 and k y = k · R 2 . The model has a combined particle-hole/inversion symmetry of the form
where C is the anti-linear operator associated with complex-conjugation, and M (k) is the following matrix:
The symmetry (13) implies that if E k is an eigenvalue at given k, then so is −E k . When the total number of bands is odd, as in the present case, this necessitates the existence of a zero eigenvalue at all k, hence a zero energy flat band. For the present model, we find that this flat band is isolated by a gap from the other two bands for any t and t that have unequal imaginary parts. The upper and lower band have energies, in units of t, of
, where u = Re(t /t), v = Im(t /t), w = Re(t /t) and s = Im(t /t). A typical band structure is shown in Fig. 2 with u = 0.2, v = 0.6, w = −0.5 and s = −0.1.
The projection operator onto the flat band at k takes on the following form:
where here we let x = e ikx , y = e iky and g = −t − t x + t * y + t * xy /t. We note that this is precisely of the analytic form that follows from Eq. (7). (This would not be true for the projection operators onto the non-flat bands of this model, which have Chern numbers ±1, respectively.) It will follow further from the proof presented in the next section that the Chern number of this flat band must then be zero. In the present case, this already follows from the invariance of the flat band under an anti-linear operator of the form (13) . We note further that while the "atomic" limit of the flat band can be reached by sending t → 0, for t = 0 the Berry curvature in the present model is non-zero in general, and moreover, its Wannier states cannot be expected to have compact support (though there exist non-orthogonal zero energy modes supported on a single square plaquette). Thus already nearest neighbor densitydensity interactions, or, if we add back spin, on-site interactions would have highly non-trivial effects, no matter how small the interaction strength, whenever the middle band is at fractional filling. In addition, if we set t = 0, the remaining non-zero hoppings give the lattice the topology of a kagome lattice, and can then all be regarded as nearest neighbor. Thus, despite its flat band having zero Chern number, the model may be quite promising as a minimalistic playground for strong interaction effects. We leave a detailed analysis for future work. ‡
Proof for the non-degenerate case
We now turn back our attention to the proof that the analytic structure displayed in Eq. (7) implies the vanishing of the Chern number of the flat band(s) described by the range of the projection operator P (k). We first focus on the case of a single non-degenerate flat band, since this is usually the case of interest, motivated by the models of the preceding section for example. Furthermore, for this important special case we can give a rather elementary proof.
In this case, the projection operator P (k) of Eq. (7) is of rank 1, and its matrix elements may thus be written as
Here, we make at first no assumption about the continuity of the functions u i (k), except that P ij (k) must of course be continuous. Clearly, the u i (k) are defined uniquely only up to an overall k-dependent phase. Furthermore, Tr P ij (k) = 1, hence the component functions u i (k) cannot all simultaneously vanish at any particular k. We will show in the following that, up to a normalization factor which is nowhere vanishing on the 2-torus T 2 , the u i (k) can be chosen to be of Laurent-polynomial form. This implies that the u i (k) are smooth functions having the periodicity of the reciprocal lattice. They thus define a global section of the bundle, which is normalized and nowhere vanishes on T 2 . The existence of such a global section implies that the bundle is trivial and hence its Chern number is zero. Alternatively, if u(k) is the column vector with components u i (k), this Chern number is proportional to the line integral of A(k) = u(k) * · ∇ k u(k) around the Brillouin zone boundary, which will vanish due to the periodicity of u(k). The latter again follows from the Laurentpolynomial structure of u(k) which we will now prove.
Since P (k) is a rank 1 projection operator, using Eq. (7) we
The latter is a Laurent-polynomial expression evaluated on the torus. As remarked initially, it follows from this that already det
. Then, there must be a nontrivial element ‡ In the case of repulsive on-site interactions, we expect general arguments [22] in favor of ferromagnetism to apply.
. This implies that
for all k for which the right hand side is well defined. Here, we have introduced 
Apparently, * intertwines with evaluation on the torus, where for the associated functions on T 2 , * is just ordinary complex conjugation. Naively, one would now like to let u i (k) = q i (k)/ ||q|| 2 (k). However, it is not obvious at this point that this is well defined for all k. To establish this, we must show that we may assume ||q|| 2 (k) = 0 for all k. From Eq. (17), we can conclude that
for all k. This again implies
The latter is a unique factorization domain (UFD). If ||q|| 2 (k) = 0 for some k, there must be some prime factor p in the factorization of ||q|| 2 such that p(k) = 0 at this particular k. Since f cannot have such prime factors, p must divide q i q * j for all i, j. We will show now that, actually, we have q i q * j = pp * q iq * j , with 
and ||q|| 2 has fewer powers of p than ||q|| 2 . By iterating this procedure, we obtaiñ q i satisfying Eq. (21) such that no prime element p that somewhere vanishes on T 2 divides ||q|| 2 . Thus, ||q|| 2 (k) does not vanish for any k. Then u i (k) =q i (k)/ ||q(k)|| 2 is well defined for all k, satisfies Eq. (16), and is a smooth non-vanishing global section on T 2 , thus showing that the Chern number of the flat band projected on by P is zero.
Proof for the degenerate case
We now consider the general case of d ≥ 1 degenerate flat bands. P (k) is now a projection operator of rank d, and Eq. (16) must be generalized to
Here, the d vectors u n (k) = (u n 1 (k), . . . , u n N (k)) t correspond to an orthonormal basis of the flat band subspace at k. The sum on the right hand side of Eq. (22) makes the unique factorization property of the ring C[x ±1 , y ±1 ] considerably more difficult to use efficiently when d > 1. For this reason, we are not able to give a straightforward generalization of the elementary approach taken in the preceding section. Instead we will appeal now to the fact that the ring C[x ±1 , y ±1 ], which we will simply denote as R in this section, is regular Noetherian, and make contact with results from K-theory. For this section, we assume that the reader is familiar with basic notions of K-theory, and refer to Ref. [28] for a general introduction.
The d-dimensional vector bundle associated to our flat bands can be thought of as P (k)C(T 2 ) N , where C(T 2 ) denotes the ring of continuous functions on the torus, and
N is the projective module which is the range of P (k) in C(T 2 ) N . We wish to study the K-theory element [P (k)C(T 2 ) N ] corresponding to this projective module in K 0 (C(T 2 )). To this end, we first consider the algebraically simpler ring R which is naturally embedded in C(T 2 ) through the evaluation map we have frequently utilized above. We have also remarked already that this embedding is indeed injective. For the ring R we have a theorem due to Swan [29] , which generalizes Quillen's proof of Serre's conjecture [30] , and which implies that every finitely generated projective R-module is free. Note that it is here where the Laurent-polynomial structure of R, which is characteristic of Hamiltonian matrix elements in finite range tight binding models, crucially enters, just as it did in the d = 1 case studied above.
There is a close connection between the R-module hR N and P (k)C(T 2 ) N , where elements of the former can be naturally identified with elements in the latter, again through the evaluation map. Here, h ∈ M N (R) is again the N ×N matrix with entries in R defined by Eq. (7). However, since h 2 = f h, and f does not necessarily have an inverse in R, we cannot say that hR N is projective. Hence, we must work inside the ring R[f −1 ], the localization of R by powers of f ∈ R, which is "in between" R and
]-modules and induces a group homomorphism between K 0 (R) and K 0 (R[f −1 ]). This homomorphism is surjective. Indeed, since R is regular Noetherian, Corollary 6.4 of Ref. [28] applies, and yields an exact sequence
We write P = h/f , which is in M N (R[f −1 ]). Then P 2 = P , and the
N is projective and finitely generated. By the surjectivity of the group homomorphism π, the K-theory
) has a preimage in K 0 (R). Since, as mentioned, all finitely generated projective R-modules are free, we thus have the following equation in
Finally, since f (k) is nonzero everywhere on T 2 , R[f −1 ] is naturally embedded in C(T 2 ) via the evaluation map. [Indeed, injectivity of this embedding follows easily from that of the similar embedding of R in C(T 2 ).] This again yields a functorπ = C(T 2 )⊗ R[f −1 ] , and a corresponding homomorphism from K 0 (R[f −1 ]) to K 0 (C(T 2 )). Applying this homomorphism to Eq. (24) gives
The first Chern map is a map from K 0 (C(T 2 )) = K 0 (T 2 ) to the second cohomology group H 2 (T 2 , Z). In particular, the Chern number of a given vector bundle depends only on the K-theory element associated to that bundle. Eq. (25) therefore implies that the Chern number of the bundle in question here is that of a trivial bundle, and hence vanishes. This is the result we desired.
We emphasize that by showing that the K-theory of the bundle is that of a trivial bundle, we did not show that the bundle itself is trivial. This is unlike in the case of a non-degenerate flat band, where not only does the vanishing of the Chern number imply the triviality of the bundle, but our proof was based on explicit construction of a global section. Thus, we cannot rule out at this point that for d > 1, flat bands arising in local tight binding models can be nontrivial in other ways. However, absent any special symmetries, the Chern number is the topological invariant of greatest physical significance, due to its connection with edge states and the quantized Hall effect. Our findings imply that the Chern number always vanishes in models of the said type.
Conclusion
In this work, we have proven a theorem according to which the Chern number for d-fold degenerate isolated flat bands arising in strictly local periodic tight binding models always vanishes. For d = 1, we have given an elementary proof, explicitly constructing a nowhere vanishing global section. In the degenerate case, we have made contact with results in K-theory. This proves even for d > 1 that the residual band width of Chernbands defined in the literature (mostly with d = 1) is fundamentally necessary, so long as the underlying models are sufficiently "simple", i.e., have finite hopping range. We have further presented a class of three-band models with nearest and next-nearest neighbor interactions, whose isolated flat middle band is topologically trivial and can be tuned to an atomic limit, but has non-vanishing Berry curvature and Wannier states of extended support in general. The generalization of these results to other topological invariants, in particular the Z 2 invariant [31] of time-reversal symmetric topological insulators, remains as an interesting problem for the future.
